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Abstract. The normally ordered Hilbert space image of the general {(complex) linear
simifarity transformation in phase space is obtained in coherent state representation.
Although preserving the commutator of a and o7, these quantum mechanical images of
classical transformations are generally not unitary. Remarkably, although the kets and bras
produced by the non-unitary similarity transformations are not Hermitian conjugates,
squeezed state analogues produced using the similarity transformation still satisfy an
overcompleteness relation. The results are extended to two-mode Fock space and simple

exainpics of the wtility of the similariiy iransformatton aré presenied. The evaluaiion of
the normally ordered operators is greatly facilitated by the use of integration within ordered
products.

1. Introduction

Within quantum mechanics a change of basis or representation is effected by means
of a unitary transformation, U, where the bra |a) in the new basis is U|a) and the
corresponding ket («|U" [1]. The (non-unitary) complex linear transformation of
canonical variables has been considered by Wolf [2] and Kramer et al {3]. The mapping
of the position and momentum operators onto the annihilation operator a and creation
operator a' is a familiar example of such a non-unitary transformation.

It is well known that unitary transformations preserve completeness of a basis. For
coherent states o) = D(a)|0), this completeness is expressed by the relation [4]

d’a
J—|a>(a|=1 (1.1)

i
where d’a = d(Re &) d(Im «). It occurred to us that closure might not be limited to
the Hermitian conjugate bra and ket pair produced by unitary transformations, but

might in fact extend to states transformed by the more general similarity transformation
such that |¢}= D(a) W|0) and {£|=(0| W™ D"(a) generate the relation

dZ
jf!qa)(fﬂ- (1-2)

Thus, although |¢) and (£| are not Hermitian conjugates, they still form an (over)com-
plete basis.

1 Permanent address: China University of Science and Technology, Hefei, Anhui, People's Republicof China.
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In this paper we obtain the coherent state representation and the normally ordered
form of the general linear similarity transformation of a' and g, the creation and
annihilation operators of the harmonic oscillator. Transforming the ground state of
the harmonic oscillator with this similarity transformation, followed by a Glauber
displacement, we produce the eigenstates of the non-Hermitian images of a’ and a
and, with one taken as bra and the other as ket, we show that these eigenstates satisfy
the completeness relation (1.2).

In this introduction we briefly recapitulate an earlier paper [5] in order to establish
the method of proceeding and to define our terms. In section 2 we obtain the transforma-
tion required in one-mode Fock space and extend this result to two-mode Fock space
in section 3. The completeness of the squeezed state analogues is demonstrated in
section 4 and finally in section 5 we give several applications of the completeness
relation and the similarity transformations.

In [5] we investigated how real classical linear transformations in coordinate
momentum phase space are mapped to unitary quantum mechanical operators in
Hilbert space. The resulting operators were evaluated using the integration within
ordered products (1wop) [6] technique in the coherent state representation, and were
shown to be a generalization of the familiar squeeze operators [7]. In this paper we
will further generalize the transformations to encompass complex canonical transforma-
tions. To briefly review the results of [5], it was shown that the operator U defined by

I O T T

)(g))=exv{—:i(p2+q2)+2““(q+ip)a*}|0> (1.4)

where

is the coherent state, |0) the harmonic oscillator’s ground state, a'=2""*(Q —1P) its
creation operator (for convenience we have taken h=w =m=1) and

s=5{(A+D)+i(B-C)] (1.5)
generates the transformation

U'QU = AQ+BP U'BU=CQ+ DP (1.6)
with A, B, C, D real and AD — BC = 1. Rewriting the ket in (1.3) as

A B\/q\\ _ ¥ —n/:z T
‘(C D)(p»_’(—r* 5 )(Z*)>_|s 2o (7)
with z=2""*(g+ip) and r=3[(D— A)}—i(B+ C)], we recast (1.3) into the form
U(g)=s"""s| J 7' d?z|s*z— rz*) (2| (1.8)

with

|Z) = eza'—z"‘a

0y=|z). (1.9

The coherent state |z) satisfies a|z) == z|z). Expression (1.8) was then integrated using
the rwop technique. Equation (1.6} may be rewritten as

a=U'aU=s*a—ra' a'=Ua’U=sa"—ra* (1.10)
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with |s?—|r?=1. Clearly @’ and a" are Hermitian conjugates and [a’,a"]=1. In
passing, we note also that U'= U™,

In section 2 we investigate the general linear similarity transformation of a and a'
given by

d=WaW'= ya+wa’ g =Wa'W'=ga+ra" (1.11)

with u, », o, 7 arbitrary complex numbers satisfying ur—ov =1, It is easily seen that
the similarity transformation W preserves the commutator [d, g'J=1 even though 4
and g are not generally Hermitian conjugates.

2. Derivation of W in the coherent state representation

Guided by the earlier work quoted in (1.7), we postulate the following coherent state

representation for W:
( T — )( z)><( Z)
-0 M z? 2"

with pr— ow =1, where we make, consistent with (1.9), the definition

r -/ :z 7z — vz* vt —C s —cr b
(—a #)(z*)>= ( )>Ee(” ). (22)

uz*—oz
Note that in contrast to expression (1.9) for the usual coherent state, the coefficients
of a and a' are not complex conjugates.
We expand (2.2) using the Baker-Hausdorft formula to obtain

W=T”2J"JTld22 {2.1)

(2.2) = exp[(3 — w7)|z|* + (zr — z*v}a" +3puz* +1072%)|0). (2.3)

With the aid of a formula from [6],

d2
J. —zexp(§|z]2+ Ez+ mz¥+ fz0+ gz*%)
l 7

—§5n+§g+ﬂf) 2.4)

iy —-1/2
=({"-4f¢) eXP( - afg

having convergence conditions

{Re(§+f+g)<0 {Re(g—f—g)<0
Re[({* - 4fg)/({+f+£)]<0 Re[({>—4fg)/({ —f—g)]<0

we effect the integration of (2.1) using the (wop technique:

2
wvz** ort
+ —aalj:

d’z +
W=r'"? J — :exp(—pxrlz|2+ zra'+ z¥(a~va')+
T

= :exp(g—: a”) exp[(u™' —1)a’a] exp(i az):

— o
=”-’1/2 exp (E_i'afz) exp(*a*a In w) exp(a-; a2) (2.5)
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where : : denotes the normal product and we have used |0)(0| =:¢~*"*: and e**'* =
rexp{(e* —1)a'a}:.
With the aid of (2.5) and its inverse

- —o
W=, exp(— az) exp(a’aln u) exp(i a”) (2.6)
2 2u
we easily verify that W generates the transformations (1.10) as
d=WaW™'= exp(_—v a”)p,a exp(-p— a”) =pa+va' (2.7a)
2u 2u

t R Vo4 a' v
g =Wa'W'=exp{—a —+oua ) exp| — a+2) =ra' +oa. (2.7b)

2u I 2p

Having obtained the normally ordered form of W, we may forget its origins. In particular
we lift the convergence restrictions of the integral {(2.4) above. The inverse transforma-
tions follow immediately from (2.6) and (2.7):

W 'aW=ra—va’ and W'a"W=pua"-oa (2.8)

We will also require W™' in normal order. Again using rwor, (2.4) and the
overcompleteness relation for the coherent state,

2
.[—lz)(zl J’? exp( — |z +za'+z*a—aa): =1 (2.9)

we re-evaluate

2
W=y CXp(zzaz)J’d?zexP(_%+ za )|0)(z|exp(2—z )

d’z a, v

=y J-— exp(— |z|2+,u,za“——p‘22+z*a+'-——z*2—a*a):
T 2 2u

T2

va
-2
=7 Y ex
p( 27

The conditions of {2.4) may in fact be shown to be overly restrictive; an explicit
evaluation of WW ' gives WW ™ ' =W 'W=1.

The classical phase space map analogous to that of {1.6) may now be constructed.
Setting

) exp{—a’aln ) exp (;—g az) = W' (2.10)

W(jW" =2""*W(a+a YW '=2""ua+va'+oa+ra’)
={Qu+trv+o+r)+iP(u+ta—v—1)L

Similarly, WPW™'=4B(u—-o+7-2)+iQ(d~u+7-»)]. Thus W is the Hilbert
space image of the general complex phase space map

g =A'q+B'p p=Clq+Dp (2.11)
with
=}u+trv+o+r) B'-—’%(;H-G—v—'r)

. (2.12)
C'=%(o’+‘r-—v—p.) D'=3(p-~o—v+7)



Similarity transformations in one- and two-mode Fock space 2533

The coefficients satisfy A'D'— B'C'=1 and (2.1) can be cast in the form

o UL
27 -C" A \p P
Conversely, given the phase space map above, u, v, o, 7 may be found as
=i[(A"+ D) +i(C'- B")] v=35(A'=DY+i(B+ C")]
o=3[(A'—D)-i(B'+C"] =3 (A'+ DY+i(B' - C"]. (214)
Substituting (2.14) into (2.7) we obtain
WOW '=A'Q+BP and WPW ' =C'O+D'P (2.15)

The commutator [A'O+B’ﬁ, C’é+D'ﬁ]= 1, and we note that W is not a unitary
transformation unless A', B’, C' and D’ are all real.

3. The two-mode transformation

We next turn our attention to linear maps in the space generated by two harmonic
oscillators, We let a be the annihilation operator of the first mode whose canonical
coordinates are g, and p,, and b the annihilation operator for the second mode with
coordinates ¢, and p,. We define, as for the one-mode case, z,=2"""*(q,+ip,) and
z,=2""*(g,+ip,). In [5] we obtained the unitary transformation U that generalizes
the transformation of @ and b produced by the customary two-mode squeeze operator

[8]

8aS"=a cosh r+b" exp(2ig) sinh r
SbS"=bcosh r+a’ exp{2ie) sinh » (3.1)
to
a’=UPqU =s*a—rb" b'=UPpUD" = s*b~ra’
(3.2}

ai‘rr= U(z)an(2)1=Sa1_ r*b b'fu U(Z)b U(Z]‘r . sb‘r r*a

We now seek to further generalize this result by finding the similarity transformation
V that maintains the commutation relations for the transformed annihilation and
creation operators, without requiring unitarity. In other words, we seek V that trans-
forms a, a, b and b according to

VaV™'=pa+vb’ VoV '=pub+va'
| Va'V'i=1a"'+ob VbV !=1b"+ga, (3.3)
Guided by the results of [5], we tentatively identify V as
T 0 0 -\ [z Z\
d?z, d*z 0 -0 0 ]z z¥
v=r J' __—111'—2——2- 0 fv T 0 z; z: (3.4)
—o 0 0 u/\z¥ z¥

Following the example of (2.2), we express this as
d’z, d?
V=71 j —i;rzﬁexP[—%(zlf—ZZ"V)(ZT#—220')—%(227—Z’FV)(ZZ“#—ZIU)

+(zir—z¥v)a"+(zor — zFv)b'1]00) (2, 2, (3.5)
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which may be recast as
d Z) d Zy 3
V=r — cexpl ~— wr(lz) P+ 2o+ 2, (@ + o)1 + 2F (= wb H a -+ 2 uw)

+z,7b"+ z¥{b—va')—aa’ - bb"]: (3.6)
and integrated (when Re(u7)> 0} using iwor to obtain
V=p""texp[-vu'a"b" +(a"a+b'b) (™ - 1)+ (o 'ab)]:
=pu 'exp(—vu'a'd") exp[—(a’a+b"b) In uJexp(a " ab). 3.7
It is now a simple matter to verify that (3.7} is indeed the operator required to effect
the similarity transformation (3.3). Proceeding as in {2.11), we find that V is the Hilbert
space image of the two-mode phase space map
I(q1_\ !Ar+Df —-A'+D —-B+C __Br_Cu\ lq!\
a| 1{-a+p A+D -B-C -B+C |4
pil 2\-c+B -B-C A+D -D+A||p
P -B'-C' -C'+B -D'+A A+D /\p,

(3.8)

As in the single-mode case we shall require V™' in normally ordered form. From (3.7)

{ A T A
Vil=y expk— - ab) exp[(a'a+b'b)In u] exp(— a*b*)
M i3
( a )J’d2z1 d’z,
=pexpl——ab ———
M T
-4z, ? 2 ¥ i (3 * *}
x expl— 3|z, +|2.") + z,pa” + z,1571|00) (z, 25| exp \ z,zzl

=uj‘digﬁ wexp(—{z,[ ~ [z + z,pa" + 2 ub’ — opz, 2, + 2
w

Fb+wvp T ¥ —ata-b'b):

=)

]

o
~—
e
-
—
L)
g

4. Transformed coherent states

4.1. Single mode

Traditionally [9, 10] squeezed states may be generated by squeezing the ground state
|0) and then displacing the resulting squeezed ground state [0), with the Glauber
displacement operator D(a)= exp(aa’ ~a*a). Following this approach, we replace
the traditional squeeze operator with W from (2.5). Thus the state |a; u, »)= D{a) W|0)
is given by

D(a)W[oy= u~V exp(zu(a —a*)? +aa*—%1a|2)10). (4.1)

It is worth noting that |a; u, #) satisfies the eigenvalue equation

(pa+va')|a; p, v)={(pa+va*)|e; g, »). (4.2)
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In a similar fashion we construct {«a; 7, o|=(0| W' D' (a), noting that as W is not
unitary W', not W', is required to produce the bra

{a; 7, o| = 77130 exp (f(a ~a)f+a*a —£|a|2) {4.3)

which satisfies
(a; 7, ol(aa +1a") = (ca + ra*){a; 1, ol. (4.4)

In spite of the fact that |a; w, ) and («; 7, o are not Hermitian conjugates, they
do in fact satisfy the completeness relation (1.2). The completeness may be demon-
strated (assuming the convergence of the integrals) with the aid of 1wop:

J.d—gla;u, v){a; 1, 0]
1l

_ d’o
= (ur)"'"? J."“— :exp[—|tx|2+a(a++za) +a*(a+-{}'a*)
T T i

—ii-(a*2+ a”)—z—i(a2+a2)—aTa]:

exol (Ta+raMasZat{at+22)
‘exp ata at—a a +—a
o W 2u T

2
a 14 vV v g
——(a +— a*) -a'a——a" ——az]:
25 2r

=1. (4.5)

Il

Thus we find that in contrast to unitary transformations where kets and their
Hermitian conjugate bras satisfy the completeness relation, similarity transformations
require bras to be acted on by W' rather than W' to satisfy (1.1). In fact,
(7 d*a|a; u, v){a; g, v|= (|l =|¢[) "/ only when r=pu* and o= »* does this
equal 1, in which case W is unitary.

The alternative squeezed state analogues obtained by first displacing the ground
state and then transforming

s 1, v, 0y = WD(a)|0)

t2

2 2 *
=“_'/2exp(—ﬂ+2_ va _+Ei_)jo) (4.6)
2 2u 2u 7!

and
(a; 7, v, 0| =(0|D'(a)W!

P rwa*? oa® a

2%
— 12 _|a_+_____+_a)
T (Olexp( > 5r 2. (4.7)

satisfy the eigenvalue equations
(na+vahla; u, », o) =ala; u, v, o)
and

(a; 7, v, ol(ra’ +aa)=a*a; r, v, o
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as well as the relation

J 7™ dala; u, v, oMo 1, v, 0= 1.

4.2. Two mode

Proceeding as in the single-mode case, we obtain the two-mode squeezed state analogues

laB; u, )= D(a}D(B)V|00)=p " exp(‘% (a' - a*)(b“—B*))lam (4.8)
and
{aB; 7, 0|={00|V'D"(a)D"(B) = 77 XaB| exp(-i:(a_a)(b_ﬁ))_ (4.9)

The ket (4.8) and bra (4.9) satisfy the eigenvalue equations
(pa+vb")aB; p, v) = (pa +vB®)leB; 1, v)
and
(pbt+va")aB; p, v)=(uB+ va™*)|aB; k, v)
(aB; r, ol{ra’+ ob}=(ra*+aBNaB; 7, 7|
and
(aB; 7, o|(b"+ a) = (8% + ga }aB; 7, 0|
and their completeness relation is verified below:

j &a &8

2
T

laB; u, v)(aB; 7, o
2 2
= (ur)”’ J dadp :eXp[*|a|2—|6|2+a (a*+gb)
w T

+a*(a += b?) +,B(b*+£a)
I T

+B*(b+£ a’r) —i(a*ﬂ*+a*b+)—c—r(aﬁ +ab)—a*a-—b*b]:
® B T

=1 (provided Re(ur}>0). (4.10)

Again we find the bras and kets related by similarity transformations satisfly the
completeness relation while the Hermitian conjugate bras and kets do not.

5. Applications

In the following applications it is assumed that the conditions for convergence of the
various integrals are met. As a first application we use the completeness relation (4.5)
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and the eigenvalue equation (4.2) to derive the nosmal product form of exp[A(ua +
2
va')]:

s .
+y2 d o *
gtluatsa ¥ _ “._;.etﬂﬂa*-w }la; o V)(C'-'; T, O’[ (51)

2
=(pr)”"? j. da ‘exp [—lal2+ o (a*+g a) + a*(a T aT)
T T 7

N -2 (a®+a%) ~ A(pa+ va*)z—a*a]:
2u 2r

2 T2
a

Awla’
)exp[—a*ahﬂI—ZAu””e*P(Ti%ﬁiE)‘
(5.2)

To illustrate the use of the similarity transformation (2.7), we investigate the Glauber
P-representation (see [4]) of an operator f(a, a’):

ﬂmaU=I¥a

o
Applying the similarity transformation to both sides of (5.3), we get
Wfia,a YW =f(pa+va', ca+ra")

Av
=(1-2urA) " ex (
(1-2uvA}) P\-2am

P(a, a*)|a){al. (5.3)

dl
= J _'n'g P(a, a*)W[a)(aI w!
Using 1woP, and expressions (4.6) and (4.7)
Flua+ va', ga+ra')
d’e # -1z
= | Pla, a*)(ut)

s 2 *2 +2 2
aa a oo’ va va't oa
x:exp(—-|a|2+—+a +— - ———aTa):. (5.4)
7 2 2t 2 21

When P(a, a*) is known, performing the integration can produce the normal product
form of the operator f(pa+ va®, ca+ra'). We now present a specific example.
Consider the P-representation of exp(—Aa’a) given by

e'*“t“=Jd—:e* exp[(1-e*)la[]|a)al (5:3)

Using (5.4), we obtain

e—,\(aa+wa*)(ua+ua*)

o [
aa

.
A2

:exp| - e S —

X e)(p( el N T 2u 2t 2u 27

vr{l~e u(l—e™) 2)
Ve ———a

2A
~ ) 4 : (cr
— at 1/2 2 —
e'R exp( "R a'?)expla’a(A—In R)] exp R

(5.6)
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where R = u7e’* — vo. Rewriting (5.6) as

—Alou+rat)(pa+wva®) —Alpoat+rvatitvoaat+prata)

€ =¢

— e—x\(ha2+ga*2+ﬁz*a+mr)

where h=ue, g=7v and f=1+20r we recast this result in terms of f, g, and A to
abtain the useful result

e—A(ha2+ga *2+fa ta)

1—e?
= R7IZl/AMIEN exp(——~——~g( ¢ ) a”) exp[a‘a(A—In R)]

2R
h 1-— 2A
xexp(% az).

R may also be expressed in terms of f, g and A as R=2ghe™/(f~1)—(f—1)/2.
The results of the ﬁrg.t example coulc! also have been obtained using the P representa-
tion by noting that e** = |7 ' d°a ¢**|a)(a| and then using the methods above.

Conclusions

Although in quantum mechanics non-Hermitian operators such as a and a’ have found
widespread use, the discussion of transformations has largely been restricted to unitary
transformations. We have produced the normally ordered form of the general linear
similarity transformation of @ and a' and shown that it presents some very useful
properties. In particular, it allows us to choose, for any linearly transformed annihilation
operator d =pa+va' having eigenkets |8), a whole range of associated creation
operators g’ = ga+ra' satisfying only [d, g"]=1 whose eigenbras (y| may be sub-
stituted for those of d” in the closure relation. The generality of this result suggests
wide applicability.
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